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The. numerical computation of gas flows with non-equilibrium thermodynamics and
chemistry is considered. Several thermodynamic models are discussed, including an
equilibrium model, a general non-equilibrium model, and a simplified model based upon
vibrational relaxation. Flux-splitting procedures are developed for the fully-coupled inviscid
equations involving fluid dynamics, chemical production, and internal energy relaxation
processes. New forms of flux-vector split and flux-difference split algorithms valid for non-
equilibrium flow, are embodied in a fully coupled, implicit, large-block structure. Several
numerical examples in one space dimension are presented, including high-temperature shock
tube and nozzle flows.  © 1990 Academic Press, Inc.

1. INTRODUCTION

Recent interest in hypersonic flight vehicles has stimulated a need for accurate
computations of high-speed, high temperature flows. Vehicles such as the National
Aero-Space Plane are predicted to fly at sufficiently high Mach numbers. and
altitudes that shock-wave induced heating of the air may produce significant
departures from equilibrium chemistry and thermodynamics. The design of these
vehicles will require very accurate solutions to the entire three-dimensional
non-equilibrium flow field.

Accurate solutions of shock-wave dominated flows have been obtained using the
class of algorithms referred to as upwind or flux split, (e.g., see the survey papers
of Harten, Lax, and Van Leer [1] and Roe [2]). These methods which include
flux-vector splitting and flux-difference splitting, utilize difference procedures which
are biased in the direction determined by the signs of the characteristic speeds.
These approaches were originally developed for perfect gases and rely on the
simplicity of the equation of state to develop algebraic relationships for the split
fluxes and their associated Jacobians. Colella and Glaz [3] developed a method
for obtaining Riemann solutions for a general (convex) equation of state and
introduced approximate procedures for their utilization in upwind schemes.
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In this paper, we limit our discussion to the frequently-used flux-vector
algorithms of Steger and Warming [4] and Van Leer [5] and the flux-difference
split algorithm of Roe [6]. Extensions of these algorithms to flows of real gases
have been recently made by Grossman and Walters [7], Vinokur and Liu [8],
Glaister [97], and Liou, Van Leer, and Shuen [10].

The computation of flows with non-equilibrium chemistry and thermodynamics
is considerably more complex. The number of dependent variables and partial
differential equations increases, with production equations necessary for each
species mass density (or mass fraction) and, e.g., for the case of vibrational non-
equilibrium, a vibrational energy production equation for each vibrating species.
Difficulties appear, due to the often disparate time scales associated with the fluid
motion and the non-equilibrium chemistry and thermodynamics. A discussion of
the corresponding stiffness problem may be found, for example, in Kee and
Dwyer [11] and Oran and Boris [12]. A number of solution procedures for stiff
source terms are discussed in Bussing and Murman [13] and more recently,
particularly ‘with regard to TVD schemes, in Yee and Shinn [14]. One of the
solution alternatives is the uncoupled (or loosecly coupled) approach where the
non-equilibrium equations are in some sense decoupled and solved iteratively with
the fluid dynamic equation set.

Another approach is the fully-coupled procedure, where the equations governing
the fluid dynamics and non-equilibrium chemistry and thermodynamics are solved
simultaneously. This results in a very complex, large-block structure for the solu-
tion algorithm which, however, fully accounts for all the non-equilibrium effects.
Candler and MacCormack [15] use this approach to develop an algorithm for the
Navier—Stokes equations with non-equilibrium thermodynamics and chemistry.
They utilize a simple five-species model for dissociating air, containing N,, O,, N,
O, and NO and include the vibrational relaxation of N,, O,, and NO. They then
develop a flux-vector split algorithm for the fully-coupled system which is solved
implicitly with a Gauss—Seidel line relaxation procedure. Their approach has been
extended to include ionization effects in [16].

The objective of the present work is to develop flux-vector split and flux-different
split algorithms for non-equilibrium flows. Although we are interested in developing
methods for the high Mach number, high altitude flow of air, we will not restrict
our analysis to these conditions. In this paper, we analyze and extend the non-equi-
librium chemical/thermodynamic model used by Candier and MacCormack [157,
whose research motivated this work.

In preliminary versions of this work, [17, 187, the present authors developed
flux-split algorithms for a specific non-equilibrium energy model, which included a
relaxing vibrational energy and negligible electronic excitation. This model, which
we will call the simplified vibrational model, led to a simplified equation of state
which allowed a noniterative evaluation of the pressure and temperature from the
conserved variables. We now extend this approach to more general energy models.
Recently, two papers have appeared which deal with the same subject matter.
Shuen, Liou and Van Leer [19], treat nonequilibrium chemistry with equilibrium
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energy. Liu and Vinokur, [20] consider situations with general non-equilibrium
encrgy and chemistry. The scope of the present work falls between the two papers.
The algorithms which we develop, will include cases where the internal energy of
each species is in equilibrium, but results in somewhat simpler forms than in [197.
Our non-equilibrium energy model is more restrictive than that of {207, n that it
does not consider the dependency of the internal energy on the clectron tem-
perature ot the flow of free electrons, Our algorithms will be valid for cases where
the internal energy may be considered to be in thermodynamic equilibrium and fer
cases with thermodynamic non-equilibrium due to vibrational relaxation.

In the next section, we give the details of our chemical and thermodynamic
models and illustrate their effect on the equation of state. A particularly simple form
of the speed of sound is also developed. In Section 3, we discuss the implication of
the model on the Euler equations for non-equilibrium flow. We derive the flux
Jacobian and verify the existence of a homogeneity property in this flow regime
along with the corresponding eigenvalues and eigenvectors.

In Section 4, we develop non-equilibrium flow versions of Steger—Warming and
Van Leer flux-vector split schemes and, in Section 5, we derive an approximate
Riemann solver, which results in a flux-difference split scheme of the Roe type. {The
Steger-Warming-type scheme developed here is identical to the scheme developed
m [157, when applied to the Euler equations.) The implementation of implicit algo-
rithms for the fully coupled, large-block structure solution procedure is discussed in
Section 6.

The algorithms which will be developed here for the one-dimensional Euler equa-
tions may be extended to three-dimensional curvilinear coordinates using, the
standard procedures, e.g., [21, 227, and may be extended to viscous flows as in [ 15,
23, and 24].

We will present several elementary numerical examples of non-equilibrium flow
computations in order to illustrate the accuracy and wave-capturing properties of
our methodology. The test cases, discussed in Section 7, include the unsteady
moving wave system in a shock tube with air chemistry and the steady flow of a
hydrogen-air mixture in a supersonic nozzie, including an embedded shock wave.
The beneficial effect of utilizing implicit computational procedures on the sziff set
of governing equations will also be discussed. Future research will be required to
fully evaluate the accuracy of the algorithms and the efficiency’ of the fully-coupied
approach in multi-dimensional flows.

2. GAs MODELS

2.1. Chemistry Model

At high temperatures, chemical reactions will occur in gas flows resulting in
changes in the amount of mass of each chemical species. We consider a system con-
taining N species and assume that our chemical kinetics is limited to homogeneous
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reactions, neglecting any solid or liquid surface reactions and excluding all
photochemical reactions. We assume that we have J reactions of the form

Vi X1+ X+ o+ Xy 2V X+ e v X, j=12..,J, (2.1)

where v; ; and the v} ; are respectively the stoichiometric coefficients of the reactants
and products of species [ in the jth reaction. For non-equilibrium chemistry, the
rate of production due to chemical reaction, of species i, may be written as

dp; 4 l: AR NP\
W= Y (Vi) | &, (—-) —k, (-) ] i=1,2, . N,
di j§1 J J fd 11;11 M, b.J 1131 M,
(2.2)

where p, is the mass density and .4 is the mass per mole (molecular weight) of
species /. For reaction j, the forward and backward reaction rates, k. ; and k, ; are
assumed to be known functions of temperature.

2.2. Thermodynamic Model

At high temperatures, imperfect gas effects are due to chemical changes in the
amount of mass of each species and to the activation of internal energy modes
which behave nonlinearly with temperature. As long as the pressure is sufficiently
low, away from the gas triple point, it has been determined that each species of the
gas mixture will behave as a thermally perfect gas. That is, under conditions of ther-
modynamic equilibrium, e;=e¢,(T;) and p,=p;R;T;, where T, is the translational
temperature, e; is the internal energy per unit mass, p; the partial pressure, p; the
density and R, the gas constant for species i The gas constant for species i may be
expressed as R;= %/ #;, where Z is the universal gas constant (per mole) and .#;
is the mass per mole of species i.

However, at very high temperatures, portions of the internal energy may be out
of equilibrium. Then the internal energy of each species will generally depend upon
the translational temperature, the electron temperature, and various internal energy
modes, which must be computed as functions of time and space, cf., Herzberg [25]
and Jaffe [26]. A discussion of this general non-equilibrium thermodynamic situation
appears in Liu and Vinokur [20].

For situations such as the high temperature flow of air, the primary effects of
thermodynamic non-equilibrium are associated with the relaxation of the vibra-
tional energy modes. We will consider a slightly more general model where we
assume that a portion of the internal energy of each species is in thermodynamic
equilibrium and that the remaining portion is in a non-equilibrium state. The non-
equilibrium part of the energy is assumed to be modeled by appropriate production
rates. We will also make the simplifying assumption that the mass of each species
is approximately the same, whereby the translational temperature of all species will
assumed to be the same, or T;= T. Thus, the analysis will not be applicable to flows
with free electrons. The effects of ionization have been included in upwind algorithms
in [16, 20].
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We begin by defining the internal energy per unit mass of species i as
e;=¢€(T)+e,, (2.3)

where &; is the known equilibrium portion of the energy and e, is the portion of
the internal energy which is not in thermodynamic equilibrium. A more general
formulation would include a portion of the energy as a function of the electron
temperature, e.g., [26]. For the models considered here, notably the vibrational
relaxation model, we will ignore this effect. It is convenient to express &; in térms
of a specific heat as

T
é,:j 2, (t) de+hy, (2.4)

ref

where the specific heat at constant volume, ¢, = dé,/dT, and h is the heat of forma-
tion of species 1.

We consider a gas mixture composed of N species, with the first M species
assumed to contain a non-equilibrium portion of their internal energy. The internal
energy per unit mass of the mixture may then be written as

N M
e=Y &ei=é+z%em, (2.5)

i=1 i=1

where we have introduced the definition of reduced specific internal energy

N Py
e=y —e. (2.6)
i=1 P
It is convenient to define the reduced specific heats of the mixture as
N p;: N pi
&=y =&, iy= ) =0, (2.7a),.(2.7%)
i=1 i=1 P
We may also write the mixture gas constant as
-~ N p
RE Z —lRi:Ep_Eva (28)
i—1 P
and it is convenient to define
j=¢,/¢,. (2.9)

2.3. Equation of State

For the conditions specified in Section 2.2, each individual species behaves. as a
thermally perfect gas. Then, the pressure according to Dalton’s law is

N
p=7Y. p:R,T=pRT, (2.10)

i=1
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where the mass density of the mixture is
N
p=Y ps (2.11)

and where the mixture gas constant, R, has been defined in (2.8).

The state relationship of the pressure to the specific intersmal energy occurs
implicitly through the temperature. For a given chemical composition, internal
energy, and non-equilibrium energy, the temperature must be evaluated from

N 4T eT Mo
e:Z&U Evi(‘c)dr—l—hﬁ}—kz%em. (2.12)

i=1 =1

ef

Iterative procedures are then used to solve for 7. Once T is found, the pressure is
determined from (2.10).

2.4. Speed of Sound

The appropriate speed of sound for the models described here is the frozen speed
of sound, defined as
ap

2= (—) , (2.13)
5p 5,0/ psen;

where s is the entropy per unit mass. From (2.10) we see that p = p(p, p,/p, T), and
from (2.12) we see that e=e(p;/p, e,,, T') which may be considered to define 7" as
an implicit function, T(p,/p, e,,, e). Then we can express

0
~(2) (B (5 e.14)
op e, pi/psen; de P> pilPsen; ap 5, Pil s en;

The last of these derivatives is obtained utilizing the First Law of Thermodynamics,

whereby
6e> )/
— ==. (2.15)
(5p 55 il P> en; pz
The remaining pressure derivatives may be evaluated as
(‘9_1’) —Rr (2.162)
ap e, pi/p,en;

and

onn ()
= =pR|= . (2.16b)
((36 P> pilp.en; de Pilps en;

The temperature derivative may be found from (2.12) as

0 1
<—T> =—. (2.17)
0€ ) pi/pren, o
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Upon substitution, we find the interesting result that

a2=yRT=w7(3). (2.18)

The above result is not approximate, but corresponds to the frozen speed of sound
for this chemically reacting, non-equilibrium flow. An equivalent expression is given
in Clarke and McChesney [27]. Note that the § appearing bhere is the ratio of
specific heats corresponding to the equilibrium portion of the internal energy.

2.5. Simplified Vibrational Model

In previous works, [17, 18], the present authors considered the simplified
thermodynamic model utilized by Candler and MacCormack [ 157, consisting of a
mixture of gases with each species containing translational and rotational energy
states in thermodynamic equilibrium, and the vibrational energy- described by a
harmonic oscillator which is not in equilibrium. A Landau-Teller model was used
to determine relationships for the energy production due to the vibrational relaxa-
tion of diatomic molecules. The model for the internal energy was completed by
neglecting electronic excitation effects. Thus, for this case, the internal energy may
be described by (2.3), where now

&,=2, T+h° (2.192)

and
€, =€,. (2.19b)

We have defined hY=h,—¢, T, to be consistent with (2.4). Note that for this
model, ¢, is due to molecular translation and rotation only and will be a constant
equal to 3R, for monatomic gases and 3R, for diatomic gases. The term e, is the
vibrational energy per unit mass of species 7. The production of vibrational energy
is implemented for a diatomic species through a vibrational relaxation process for
a harmonic oscillator {cf. Vincenti and Kruger [287]), which yields the vibrational
energy production as

. eney
é,= T (2.20)
where e is the equilibrium distribution,
RO,
(2.21)

“ " Toxp(0,/7) 11

where @, is a characteristic temperature for vibration of species i. The local relaxa-
tion time 7 of species i, may be obtained from a Landau-Teller model, where

k,, T exp(k,,/T)"?
‘Ciz bl
pll—exp(0,/T)]

(2.22)
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and values for the constants k,, and k, may be found for some elementary species
in [287. The situation for species with a complex molecular structure (compared to
diatomic) is more complicated, as discussed in Hill [29]. An advantage of this
model is that the equilibrium portion of the internal energy is linear in temperature,
which is seen to result in an equation of state whereby the pressure can be deter-
mined from the internal energy without iteration. From (2.10), (2.19), and (2.5), we
find

p=G-1)[pe= T phi = e, | (223)

i=1

where the ratio of reduced specific heats, 7, has been defined in (2.9). The tem-
perature is then obtained from (2.10) and (2.11).

g n R

and using the equilibrium Z, in (2.4).

3. FORMULATION

3.1. Governing Equations

The governing equations for an inviscid, non-heat-conducting one-dimensional
flow with non-equilibrium chemistry and non-equilibrium internal energy may be
written in vector conservation form as

o oF_

—— = 3.
ot +5x ’ (3.1)

where U is the vector of conserved variables, F is the flux vector, and W is the
vector of production rates given by

( .
[ P ) ( pu ) Wy ’ W
P2 pau Wy
U= Py ’ ) pzNu ’ W= Wy
pu pu +p 0
plem plenlu plén1+en1wl
pMenM pMenMu pMénM+enMWM
| Peo : g puhy J L 0 J

(3.22), (3.2b), (3.2¢)
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Equation (3.1) represents N+ M +2 conservation equations, with the first N
corresponding to species continuity, followed by momentum conservation, M non-
equilibrium energy conservation equations, and the total energy conservation
equation. In the above equations, u is the velocity in the x direction, p is the global
mass density, p is the pressure, ¢, is the total energy per unit mass, %, is the stagna-
tion enthalpy per unit mass, p; is the mass density of species i, and ¢, is the non-
equilibrium portion of the internal energy per unit mass of species i. The space and
time coordinates have been made non-dimensional with respect t0 X o and X /ityer
respectively. The velocity has been non-dimensional by u,, the densities by p,.;, the
pressure by p.;u’; and the energies, enthalpies, and RT terms by u2.;. The chemical
production terms w; have been made non-dimensional with respect 10 p ¥ er/Xrer
and are a given function of temperature and species densities through (2.2). The
non-equilibrium energy production terms, ¢,, have been non-dimensionalized by
ul /X and are assumed to be a given function of pressure, temperature, and non-
equilibrium energy.

The system is completed by the density definition {2.11) and the equation of
state, defined implicitly through (2.10) and (2.12), giving the pressure in ferms of
conserved variables. The stagnation enthalpy is defined by A, = e, + p/p.

3.2. Jacobian Matrix

From the above description, the flux vector F may be considered a function of
the vector of conserved variables U, or F=F(U). A quantity which plays a major
role in flux-vector split algorithms and in any implicit formulation is the Jacobian
matrix A =0F/0U. To evaluate A, we could directly proceed from F written as a
function of U using (3.2a) and (3.2b) along with (2.10) and (2.12). We find it
interesting to proceed, as suggested in [ 157, by introducing an intermediate vector
of non-conserved variables, V, defined as

(P10
02

<

i
=
b

[

L7

We see that we may represent F =F(V) and V=V (U). So that using the chain rule
for matrices

o _ Yoy or oy 34
A=0="wauavaw (34)
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Using (3.3) and (3.4) we obtain the results

(1 o
0 1
é\_’_ 0 0 .
U | —up —ulp
_enl/pl 0
0 —eulom
L Ul P UM
and
~
1 0
0 1
6_U__ 00 ..
ov |lu - u
e, -+ 0
o --. enM
L“l Uy

0 0 0

0 0 0

1 0 0
—ufp ljp 0

0 0 1/p,

0 0 0

0 0 O 0
0 0 0 0

1 0 0 0
u p 0 0
0 0 p 0
0 0 O - P
Uy pU Py ot Py

11

~

(3.5)

; (3.6)

where uizap/ﬁp;, w=u’+e, —(1/]) 6p/6p,-; for i=1,..,N and /=(J—1).- The
Op/0p, terms are developed from (2.10) and (2.12) as

op
op

7

where &, is defined in (2.4).

__=R,.T—@—1)[éi(T>—”3}

(3.7)

The product of the two middle derivatives in (3.4) takes on the particularly

simple form
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(4 0 i 0 p; 0 -+ 0 0 )
0 u .0 pp, 020 0

0 -+ ~-u py 0 -~ 0

oV OF 0
=Oaw e 3.8
N [0 0 0 u 0 1/p (38)
0--- 0 0 0 0 0
0 0 -0 0 0 u 0
LO 0 -0 pa® 0 0 )
Finally, we obtain the Jacobian matrix A as
—pA =
r -~
(pr—p)u  puu pLu —p; 0 -« O 0
pau (pa—plu - e pou —py 0 - 0D
Pnl ont (pN_.p)u —Dy g ... 0 0
al aM .. ay aN+1 pl e pl ”“pl 3
plenlu plenlu plenlu —-—plem —pU--- 0 O
,oMe,,Mu pMenMu pMenMu ~ P30y o ... —pu 0
L b, b by by, pul - pul ‘?PMJ
(3.9}

where a,=p(u’—dp/dp;), b;=pulh,—0ip/op,), for i=1,.,N along with
ay1= —pu(3—7) and by, ;= p(u’l— hy).

It can be shown that the vector resulting from the post-multiplication of A by U
results in

pu
pau

Pt
pu® — (5 — 1)(pu? = pey + X pie,) + 3 p; Op/dp,

pMenMu
Tpueo— (§—1) u(pw® + 3 pre,)+ 3 p.u dp/op; ]
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Utilizing (3.7), we see that the N+ first term in AU becomes pu? + p and the last
term in AU becomes puh,. Thus for this set of equations, the Jacobian matrix A
has the homogeneity property

F=AU. (3.10)

It is interesting to observe that this property was noted for thermally perfect
gases in [4] and was confirmed not be valid, in general, for real gases in [7, 8].
From the results shown here, and in [20], it is evident that for non-equilibrium
chemical mixtures of thermally perfect gases, the flux Jacobian will be
homogeneous.

3.3. FEigenvalues and Eigenvectors

The eigenvalues of the Jacobian matrix A, (3.9), are equivalent to the eigenvalues
of A’, (3.8), as related through (3.4). The N+ M + 2 eigenvalues are found to be

u, i=1, . N+ M
A, =% u+ta, i=N+M+1 (3.11)
u—a, iI=N+M+2.

The corresponding set of N + M + 2 linearly independent right eigenvectors have
been determined to be

(0 ) (0 ) [ pilp )
p2p
pilp 0 :
0 0 Pn/p
Ei: P,-M/P . > Ej+N= 0 s Ek+N+M= ula
0 : P1n /P
: pjenj/p .
0 0 PrCnylP
2_E£)p. A h
L(u éz) pt/p } ijen,-/pj L Oiuaj
i=1,.,N; j=1 ., M; k=1,2.

(3.12a), (3.12b), (3.12c)
In (3.12a), we have introduced the definition from (3.7),

T 2
51,5;9&:;13_:__5,@”-”—. (3.13)
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4. FLUX-VECTOR SPLITTING

4.1. Steger—Warming Splitting

Utilizing the homogeneity property of the governing equations as determined
in (3.10) we may develop a flux-vector splitting ailong the lines of Steger and
Warming [4], for perfect gases, and in [7,8, 10], for equilibrium chemistry.
This is also the same route taken by Candler and MacCormack [15]. As we
have previously stated, the Steger-Warming-type flux-vector splitting for non-
equilibrium . flow, which we now develop, is essentially the same algorithm as
developed in [15].

The essential feature of this approach is to diagonalize the Jacobian matrix A
given in (3.9). As pointed out in [157, this is simplified by diagonalizing the matrix
A’ given in (3.8). We find that

A=S'A'S, (4.1)
where A is a diagonal matrix whose diagonal elements correspond to the eigen-

values of A". The N+ M + 2 ecigenvalues are given in (3.11). The rows of matrix §
are composed of the right eigenvectors of A’, such that

(10 -~ -0 pyfp 0 -0 py/p)
01 -+ 0 po/p 0 - 0 pyfp
0---0 -0 ap 0 --0 —alp

0---0 -0 0 1 --0 . 0

_ S
and
(1 0 0 0 0 -0 —p,/pa®)
0 1 -0 0 0 -~ 0 —p,/pa*
00 - --- 1 0 0 ... 0 —py/pd®
—1 N
- 42
S 0 0 0 pa 0 -0 124 (4.20)
0 0 0 0 1.0 0
0 0 0O 0 0 -1 0
0 0 0 —p2a 0 - 0 124

581/88/1-10
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Now a flux-splitting may be developed by splitting A into a non-negative matrix
At and a non-positive matrix A~, where the diagonal elements of A* are
A% =(4+]4])/2. Utilizing the homogeneity property (3.10),

oU ov
F=AU=]| — tHEAT)S I —
U [aVS(A +A)S 6UJU
Fi:<@>ngF,,+—1:ngFB+i~ngFc, (44)
7 2y 2y
where
[ e ) ([ pip )
pa/p pa/p
F,— pulp . Fpe=| P (45a), (@45b), (450)
u uta
P1en/p p1en/p
PrCny/P P 1€y /P
Lho—az/()?—l)J LhoiuaJ

and A,=u, lz=u+a, and 1. =u— a. This represents a Steger—Warming-type flux-
vector splitting for a vibrationally-relaxing, chemically-reacting flow. We see that
the perfect-gas form is obtained by setting p,/p =1, the remaining p,/p =0, and
e,,=0. Extensions to more space dimensions proceed in a fashion similar to that
done for perfect gases in [21] and for equilibrium chemistry in [22].

4.2. Van Leer Splitting

An alternate flux-vector splitting has been developed for perfect gases by Van
Leer [5]. His formulation has continuously differentiable flux contributions and
has been shown to result in smoother solutions near sonic points [30]. Van Leer-
type splittings have been developed for equilibrium chemistry in [7, 8, 10]. For the
non-equilibrium flow model considered here, the procedures of [ 5] may be directly
utilized by considering the flux vector as

FZF(p7 a, M’ pi/pa en,- s (46)
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where M is the Mach number u/a. Then the mass flux, pu = paM may be split as
pu=f* 4+ f  where

(4.7)

The remaining fluxes when written in the functional form of (4.6) may be split to
yield a Van Leer-type flux-vector splitting for non-equilibrium flow,

-~

( pi/p

p2/p

p&/p
[~ Du+t2al/y
plevl/p

-
+

Il
\\
In

pMeuM/p
fi

where

_(zuzxay

£ _p (49
fe 0 y~+1 Y }

The above splittings are consistent with those developed in [19, 207. The specific
form of (4.9), fits into the class of splittings discussed in [197, where
fE=hy~m(—u+a)>. We chose m=1/(7+ 1). Other values are used in [19,20].
Preliminary calculations do not show any significant effect on the value of m. Also,
as discussed for the Steger-Warming-type splitting, the method above can be shown
to reduce to the perfect-gas form and extensions to more space dimensions can be
implemented.

5. FLUX-DEFFERENCE SPLITTING

The essential features of flux-difference split algorithms involve the solution of
local Riemiann problems arising from the consideration of discontinuous states at
cell interfaces on an initial data line. The 'scheme developed for perfect gases by
Roe [6] falls into this category and has produced excellent results for both inviscid
and viscous flow simulations (cf., [31]). An extension of the Roe splitting for equi-
librium chemistry has been made in [7-10]. We now extend this approach for the
present non-equilibrium thermodynamic and chemistry model.
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We follow the procedure outlined by Glaister [9] for real gases, which followed
from the approach of Roe and Pike [32] for perfect gases. In their approach, the
first step corresponds to obtaining a solution for the linearized, approximate
Riemann problem, valid for small jumps in the interface states. The second step
involves the determination of the appropriate averaging procedures (often referred
to as Roe-averages), in order to render the solution valid for arbitrary jumps in the
cell interface values. We extend this procedure directly to our non-equilibrium flow
model, with linearized solutions developed in Section 5.1 and the Roe-averages
determined in Section 5.2.

5.1. Linearized Wave Solutions

We initially seek a solution to the approximate Riemann problem for two states,
U,, U,, which are close to an average state U, the vector of conserved variables,
given in (3.2a). This involves the determination of the relationship between the jump
in U, denoted as [UT, to the average eigenvectors E; of the Jacobian matrix, given
by (3.12). For small [U], we must find the wave strengths «;, i=1,.., N+ M +2,

such that
N+M+2

[Ul= Y «E, (5.1)

i=1

to within O[UJ% We are using the notation for the cell interface jumps,
[-1=(:),—(-),, to represent the difference in quantities evaluated at the cell inter-
face using data from the right, (-), and the left, (-),. (Note that for this Section,
flow quantities without a superscript, ie., p, correspond to a value between p,
and p,).

The first N equations of (5.1), yield

p .
O‘i':"o__[pi]—(“N+M+1+aN+M+2)a i=1,.,N. (52)

Using the above result along with the N+ 1 equation of (5.1) gives

0
aN+M+1‘“N+M+2=;[u]]- (5.3)
The N+ 2 through N+ M+ 1 equations of (5.1), now give

p .
aj+N=T[[pjenj — Oy e 1T oy pare2)s =1L ..M, (5.4)

o

and the last of (5.1) yields

Ansrarr1 T oyvgari2

_ Llpeol — pulu] —w[p]+ X, Lilpd =X [pjen] ]
[ho—u2+2?'=1(ﬂi/p) 51“2in1 (P_j/P) enj] ’

(5.5)
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where ¢, has been defined in (3.13). From the definition of £,, we see that

N D 2
P RT _ u
— =+ (5.6)
igl P Y= 1 2
and, along with the definition of 4,, the denominator of (5.5) may be written as
a*/(§ —1). We may expand [pe,] to O[U]? as

[eol = 3. (el +&lol)+ X, Tpse, ) +pulul +5 (ol (57)

From (2.4), we find [é]] =¢,,[T]. Using the equation of state (2.10) for p and the
definition of ¢,, (3.13), we find that the numerator of (5.5) becomes simply
[p1/(F—1). Substituting these results into (5.5) yields the simplification, valid to
o[ur?,

[p]

05N+M+1+“N+M+2=‘a‘z'- (5.8)

Using (5.2)-(5.4) and (5.8), the «; are determined to be

oc,:—;i_[[p,. —%”Tﬂ, i=1,.., N, (5.9a)
p [rl .
v=——Ipie,] - =1,., M )
aj+N pjenj ”:pjenj]] az ’ ] 9 erey 5 (5 9b)
1
ak+N+M=—2—a—2([[p]]ipa[[u]]), k=1,2. (5.9¢)

It may be verified that with these wave strengths «;, the flux vector F, (3.2b),
may be expanded as

N+M+2
Fi= > aiE, {5.10)

i=1

where the eigenvalues A; are given in (3.11). As stated in [9], this decomposition
yields the characteristic fields to OJU]%

5.2. An Approximate Riemann Solver

The next'step in the creation of an approximate Riemann solver, following
[9, 327, involves the determination of appropriate averages, &, 4,, and E,, such
that

U= Y 4k (5.11)
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and
N+M+2

[Fl= Y &ALE, (5.12)
i=1

for cell interface states which are not necessarily close to each other, so that [U]
is not necessarily small. Using the results of Section 5.1, and (3.11), (3.12), we define

the eigenvalues

i, i=1, . . N+M
i=N+M+1 (5.13)
i—a, i=N+M+2

R
I
1Y
+
Rl

and the eigenvectors

3 ) s
[ o 0 i)
: p2
pi 0 ;
. 0 o 0 N p
E;= 5.4 > Ej+N= 0ol° Ecinvin= ﬁiNd
0 : €
. Anj
0 0 nps
(@ =) by o 24
i=1,..,N; j=1.,M; k=1,2;

(5.14a), (5.14b), (5.14c)

along with the corresponding wave strengths:

g, Led _LpL i=1,., N, (5.152)
Pi a
" [[p~e,,j]] [r] .
a,+N=%—~ - j=1,.., M, (5.15b)
. 1 <
Gy wrm =7z (Pl £ palul),  k=1,2. (5.15¢)

The solution of the approximate Riemann problem involves the algebraic deter-

mination of the averages g, 4, 4, hy, p;, é,, ¢;, such that (5.11) and (5.12) are
satisfied. Note that we have defined

5= (9-'), 6, = (”"“f). (5.16a), (5.16b)
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The first N equations of (5.11) yield

[[pi]:ﬁi(&i+&N+M+l+&N+M+2)) i=1,., N, (5.17)

and the N + 2 through N+ M + 1 equations of (5.11) give

lojen] =€, (3 vt an et +Ensarsa)s j=1, .., M, (5.18)

which, using (5.15), are satisfied identically. The N+ 1 equation of (5.11) yields

pu]]—-z Pilid;+ (+a) Ay ary 1+ (B—d) Gy arin
i=1

=dlpl + plul, (5.19)
where from (2.11) and (5.16a), we have used [p] =" [p,] and 3V p,=1. Before

utilizing the last equation of (5.11), it would simplify matters if we first consider the
N +1 equation of (5.12), which gives

N
Ip+pu? Z Pittd;+ (A4 G) Gy gy + (=Y Guyarsn (5.20)

and, upon substitution of (5.15), reduces to

[pu?]=i*[p] +2pa[u]. (5.21)

We solve for g and 4 from (5.19) and (5.21) which yield, upon simplification,

b=/ =512 =p,p0 (5.22a)

and

PRI SN (5.22b)
> P, +/p,

where we have used the notation for the arithmetic average (->=1[(-),+(-},1/2.
The result in (5.22) are the usual Roe-averages for p and u as developed for a
perfect gas [6].

The first N equations of (5.12) give

Lo o0 AT [ 2a T L4 A7 TR

We may solve for g, by expanding terms such as

o =] (/6 /)| = (%) /b1 + </ | 2/ |
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(Expansions of this type will be used throughout the development of the average
guantities in this section.) We find

,;i:w, i=1, ., N. (5.24a)
e

Similarly, the N + 2 through N+ M + 1 equation of (5.12) are solved for ¢, as

N M
Lpeol =ﬁ2[[p]] - Z gi[pi:ﬂ + Z [pjenj]] + piifu]
N
+%ﬂ1[ﬁo—ﬁ2+ S 5 é,,,]. (5.25)

The evaluation of the last equation of (5.12) is simplified by subtracting i pe,]
from (5.25) and using the definition pe, = ph,— p to obtain

Lpuho] = &l phol + pholu]. (5.26)
This may be solved for 4, as

ﬁM. (5.27)
e

The only remaining equation to be satisfied is (5.25) and the remaining averages to
be determined are & and ¢,. 3
From the definition of &;, (3.13), we will assume that ¢, satisfies

=

a‘2

N " . M
Z pigi== +ﬁ2_h0+ z én,—: (5.28)
i=1 7—1 j=1
where 4 and 7 are not yet defined. We also find it convenient to introduce a new
quantity, 6, defined as
. 0
Fo=F ——. 5.29
Gi=E—% (529)
Considering (5.25), we expand pe, as pé+ije,,j+pu2/2. Substituting (5.28)

and (5.29) gives

1
7 LT (5.30)

o=~ ¥ 6.0pd +-=
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From the equation of state, (2.10), we find that

[pl=pRIT]+ T _Z R.[p]. (5.31)
where
SX o (RUpy
R= R, = (5.32a)
2R
and

T= <T\/;>. (5.32b)

From the definition of &, (2.4), we find that

[é]=cilT], (5.33a)
where
1 %
ck=—o01 ¢, dr 533b
=l ® G330)
With the definition of &, (2.6), along with (5.33), we develop
N
[pe] =pexIT1+ . élpd, (5.3%)
i=1
where
N N
éx=3 pick (5.352)
i=1
and

¢=(8)= (5.35b)
D
Substituting (5.31)—(5.35) into (5.30) yields
ad R, T R
. (6+8- 2 iod+p(er—507) 171=0 (5.36)
i=1

The only two undefined quantities are at ¢, and . They may be defined to satisfy
(5.36) as

6,=—re—8; (5.37a)
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and
7—1=R/E¥. (5.37b)

From (5.28) and (5.29), we may determine 4 as

n2

. i . N M
dzz(;ﬁ—l)[ho—7+é;"T— Y piéi— Y é,,j]. (5.38)
i=1 j=1

Within Egs. (5.22)-(5.38), we have defined the averages so that (5.12) constitutes
an approximate Riemann solver. We may rewrite (5.12) by grouping the repeated
eigenvalues and upon algebraic simplification we obtain

[F] = [F1,+ [Flz+ [Flc, (5.39)

where the [F], term arises from the first N+ M terms of the sum in (5.12),
corresponding to the repeated eigenvalue A;=4# and may be written as

(5 ) 1 [p1/p] )
p> [p2/p]
[[F]]A=<[[P]] - [;;]]) u Py + pi oxle]
é [p1en/p]
) énM [[pMe.nM/p]] .
Lho—a¥(G—1) (2 [pjen/p] =" &illpi/p]]
(5.40a)

Similarly the [F], and [F]. arise from the last two terms in the summation of
(5.12), corresponding to the eigenvalues i+ @ and & — 4, and are found to be

(]
b2
1 o
[F] 5. =55 ([p] £palul)ata) | P | . (5400), (540c)
a uta
é,,
é,.
fro & 1id
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The approximate Riemann solver is implemented in a numerical integration of
the governing equations (3.1), by computing the cell interface flux as a summation
over wave speeds, [21, as

1 1 N+M+2 N
Fi+l/2:E(Fr+F1)_—Z_ Z &illii Ei’ (5-41}
i=1
where from (5.12) and (5.39) the summation term may be determined from
—([F1.+ [F]g+ [F1)/2 with the absolute value of the wave speeds substituted
in (5.40).

It may be noted that some simplification occurs for the simplified vibrational
model discussed previously in Section 2.2. Then, since ¢&,, is constant, ¢f=¢, and
¢¥=¢,=Y p,é,. We also find that é=¢,T+h?, along with &=(R,—¢,)T+
@2—h] and &= —D[he—@2—XMeé, ¥ " p;h)], where h? is defined
following (2.19).

6. NUMERICAL FORMULATION

The implementation of the non-equilibrium flux-split algorithms follows proce-
dures similar to those for perfect gases, e.g., [21]. In Section 6.1 we discuss somnie
details of our implicit formulation for non-equilibrium flows, followed by a develop-
ment of the source-term Jacobians in Section 6.2. We then present the source term
accounting for area variation in a one-dimensional flow.

6.1. Implicit Formulation

Since we anticipate stiffness problems in the numerical solution of the governing
equations, we seek to compute solutions using an implicit time integration. For
cases where we are interested in time accuracy, an efficient means of proceeding is
through the use of an implicit two-step Runge-Kutta time integration procedure,
recently introduced by Iannelli and Baker [33]. This method; when applied to the
set of governing equations, (3.1), may be written in semi-discrete form as

[ o . OW i
[I—i-ocl (aA ‘5’6)] AU, = —R(U", (6.12)
| 8 oW
L?L %, (a A" _Bﬁ>] AU, = —R(U" + B,, 4U ), (6.15)
AU=Y, AU, + Y, AU,, (6.1c)

where AU =U""! —U", corresponds to the change in U over one time step 4¢ and
A" is the flux-vector Jacobian 0F/0U at time level n. The residual, R(U) is the
steady state equation 0F/dx — W. The constants «,, ¢,, ¥y, ¥, and f§,, were deter-
mined in [33] as o, =a,=(2— \/5)/2, Y, =(6— ﬁ)/& Y,={2+ ﬁ)/& and
B4 =2(3\/§—4), such that the algorithm is second-order accurate in time. It can
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be noticed that setting a; =1, Y, =1, and Y,=0 yields an Euler-implicit time
integration procedure, which has proven to be robust and computationally efficient
for steady-state calculations.

The implementation of the implicit algorithm in a flux-vector split scheme
involves the splitting of the flux, F=F* +F~, as it appears in the residual of
(6.1a), (6.1b) and the splitting of the flux Jacobian, A=A" + A, as it appears on
the right-hand side of (6.1a) (6.1b). The spatial derivatives of these terms are
evaluated using the usual upwind differencing (in MUSCL form), appropriate for
flux split codes. The details may be found, for example, in [21, 23].

The split flux Jacobians, A* = dF */0U, may be analytically determined from the
flux-vector splittings given in (4.4), (4.5) for the Steger-Warming-type scheme and
given in (4.7)}-(49) for the Van Leer-type scheme. The derivatives utilize
(2.10)~(2.12), (3.2a), and (3.7) in a straightforward manner and will not be repeated
here.

The implementation of Roe-type flux-difference split schemes in an implicit
algorithm is very complicated. For perfect gas flows, one approach is to utilize an
approximate Jacobian, cf, Barth [34], and another involves the utilization of
flux-vector split Jacobians, as discussed, for example, in Liou and Van Leer [35].
The latter approach will be utilized in our computations with the non-equilibrium
flow, flux-difference split scheme (5.41).

6.2. Source-Term Jacobians

The Jacobian of the chemical and thermodynamic source terms, dW/0U, may be
developed through (3.2a), (3.2c). We first consider the chemical source terms and
determine 0w,;/0u;, for i=1, .., N; j=1,.., N+ M+ 2, where u; are the elements of
the vector of conserved variables, U. From (2.2), for J reactions, we find

g:,‘””}: ,m)[kfm(%;)(f%) ‘ﬁ(%)vam
S

J dk - Vllvm dk m aT
;Y (v;:,,,—v;,m>[dfT “(2/%) T H(J) Lu

m=1
i=1,.,N; j=1,..N+M+2 (62)

where ¢,=1 for j=1,.,N and ¢=0 for j=N+1,.., N+ M+ 2. The derivative
0T/0u, is determined using (2.15)-(2.17) as

wf2—¢, j=1,.,N
oT —u Jj=N+1
or_|—u 6.3
P =3 —1, j=N+2, N+ M+1 (6.3)

+1, J=N+M+2.
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The thermodynamic source-term Jacobians 0é,/0u;, for i=1,.., M, and
j=1,., N+ M+2 must be developed for the particular non-equilibrium energy
model. These terms in general are very complicated, cf, Jaffe [26]. The simple
vibrational model discussed in Section 2.5, where e, =e,, may be implemented for
a diatomic species through a vibrational relaxation process for a simple harmonic
oscillator, using (2.20) as

oé, Tde¥  dt/10T . O0r,dp Oe,
1= ==, = — &, — T — =, (6.4
ou; | dT ‘0T | ou; 7 Op Ou;  Ou
where 0T/0u; is given in (6.3) and from (3.2a), (3.3),
¢ j=1.,N
1 0 , =N+1
1 9 _Ju J=NA (6.5)
7—10u -1, j=N+2, .. N+M+1
+1, j=N+M+2
with ¢; defined in (3.13), and
—€,0; j=1 .. N
de,, 0, j=N+1
pig== i {6.6)
u; O n_1> J=N+2, N+ M+1
0, j=N+M+2,

where the term §, ; used above is the Kronecker delta. The derivatives of the species

sl —3_ ]

6.3. Area Source Term

For a quasi-one-dimensional flow computation, the effect of area variation on the

governing equations (3.1) may be included by adding to the source vector W,
{3.2¢c), a vector W, where

( P ]
PN

udAa pu (6.7)
’ Adx | pe, |’ -

pMenM
L pho J
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and A(x) is the cross-sectional area distribution. The Jacobian dW ,/0U must also
be included in an implicit formulation. This Jacobian may be obtained routinely
from (2.10)-(2.12), (3.2a), and (3.7).

7. NUMERICAL SOLUTIONS

We include several numerical examples of flow computations with non-
equilibrium chemistry and thermodynamics in order to illustrate the accuracy and
wave-capturing properties of our methodology. The test cases include the unsteady
moving wave system in a shock tube and the steady flow in a supersonic nozzle
including an embedded shock wave. In all test cases presented here, we will utilize
the simplified vibrational model. Thus the internal energy of each (non-monatomic)
species will contain an equilibrium portion which is linear in 7 and a non-
equilibrium vibrational energy whose production rates come from a Landau-Teller
model.

7.1. Shock Tube Problem

The first example consists of a shock tube where the high pressure, high
temperature driver section (region 4), and the low pressure, low temperature driven
section (region 1), both contain air, initially in thermodynamic equilibrium.
The conditions are: p,=1.95256 x 10° N/m? T,=9000°K, p,=1.0x 10* N/m?
and T, = 300°K, giving a diaphragm pressure ratio of 19.5: 1 and a diaphragm tem-
perature ratio of 30 : 1.

We utilize a simple model for air involving 5 species, N,, O,, NO, N, and O.
As discussed in [15], this model utilizes five basic reactions, three dissociation—
recombination and two rearrangement reactions:

N,+ M =2N+M
0,+M=20+M

NO+M=N+O+M (7.1)
N,+O=NO+N
NO+0=0,+N,

where M is a catalytic particle (any of the species present). Reaction rates are given
in [36] and vibrational relaxation times in [28].

We perform our computation using the Roe-type flux-difference split scheme,
(5.39)-(5.41), with second-order upwind, spatial differencing and a MIN-MOD
limiter, e.g., see Sweby [37]. For this case, we utilize the implicit, Runge-Kutta
time integration, (6.1). We take 600 spatial points for a shock tube extending a
non-dimensional length between 0 and 1. The diaphragm is considered to be at the
midpoint of the tube. The integration is performed with a CFL number of 0.5, until
the shock reaches a position of 0.610. We also performed the same computation
using an explicit Runge-Kutta time integration and found that in order to maintain
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stability, a maximum CFL number of 0.02 was aliowed. The resulting large number
of iterations are indicative of the stiffness often encountered in non-equilibrium flow
solutions. The implicit Runge-Kutta scheme did require considerable more com-
putational effort per time step than the explicit scheme, mainly due to the evalua-
tion of the Jacobians in (6.1). However, it was found that the implicit scheme, with
a much larger CFL number, produced solutions of the same accuracy as the explicit
calculation in approximately a factor of ten less of computational work. Similar
results were obtained on grids of 100 and 300 points and with the Steger-Warming
algorithm.

In Fig. 1, we present the pressure distribution p/p, , the density distribution p/p,,
the total energy distribution e,/e,, and the velocity distribution #/a,. {The
subscript 1 refers here to the conditions in the driven section, region 1.} We aiso
include on these plots, the exact shock tube result for these conditions, but assuming
equilibrium flow. (Note that the equilibrium flow result utilized curve-fit thermo-
dynamic data for air [38] and not the model discussed here.) Discrepancies
between the non-equilibrium flow numerical solution and the exact solution are
partially due to inaccuracies in the numerical solution. This is evident in the slight
smearing of the contact surface in the density and energy distributions. The shock
wave, however, is captured very crisply. Departures from equilibrium may be noted
as the expansion waves progress into the high temperature driver section. The dis-
crepancy in the total energy in the driver section (x — 0) between the computation
and the exact equilibrium solution is likely due to the simple chemical model used,
which: ignores ionization (which should not be negligible at 7=9000°K). The
species mass fractions computed for this case are presented in Fig. 2. The computed
vibrational energy distribution for N, in the shock tube, is shown in Fig. 3 along
with the equilibrium, harmonic oscillator distribution. The equilibrium distribution
was calculated using (2.21) with the temperature from the shock tube computation,
For these conditions the flow is nearly in thermodynamic equilibrium. The vibra-
tional energy distributions for NO and O, are similar.

7.2. Supersonic Nozzle Problems

In order to evaluate the accuracy of our algorithms, we computed the flow in a
supersonic nozzle. This case was chosen since it could be simply solved using the
quasi-one-dimensional flow equations, (with area change), and the case has been
computed by Drummond, Hussaini, and Zang [397]. Also, since we were interésted
in steady-state solutions, we utilized an Euler-implicit time integration (as discussed
in Section 6.1).

The flow entering the diffuser is composed of hydrogen mixed with air. For the
hydrogen-air chemistry, we utilized the same model used in [39], the simple,
two-reaction hydrogen—oxygen model of Rogers and Chinitz [407. It consists of the
two basic reactions:

H, + O, = 20H

{7.2)
20H+H, =2H,0
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and five species (N =5) are utilized, N,, O,, H,, OH, and H,0, all of which are
considered to be vibrationally relaxing (M =35). The reactions of nitrogen are
neglected in this model. The particular geometry, an axisymmetric, rapid-expansion
supersonic nozzle, has a radius defined as r/L=0.125[1+sin(zx/2L)], with a
length L=2.0m. The flow at.the inlet to the nozzle (x=0), has a velocity of
1245 m/s, a temperature of 1884.3°K and a pressure of 0.8026 x 10° N/m?. The
initial chemical composition of the flow consists of an equivalence ratio & (as
defined in [41]), the ratio of the mass fraction of H, to the mass fraction of O,,
normalized by the stoichiometric mass fraction ratio, of @ =0.29841. This composi-
tion causes very steep concentration gradients near the inlet of the duct. We utilized

20 ¢ p4/p1=19.5 T4/T1=30

15

10
— non—equil. computation
X equilibrium — exact

p/P1

0.0 0.2 0.4 0.6 0.8

rho/rnoil
N
L

FiG. 1. Flow of air in a shock tube with a diaphragm pressure ratio of 19.5: 1 and temperature ratio
of 30 : 1. The computation performed with a Roe-type flux difference splitting, includes nonequilibrium
chemistry and vibrational relaxation and use a five species, five reaction model for air. Comparison is
made with an exact equilibrium air solution which used a curve-fit equation of state.
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FiGure 1—Continued

chemical reaction rates from [407] and vibrational relaxation times from [427. The
vibrational temperatures for N,, O,, and H,O are from [437, and those for H,
and OH are from [29] and [44], respectively.

Computations were performed using three different energy models. The {irst one
utilized the simple vibrational model described in Section 2.5, which did not require
any iterations for the determination of pressure and temperature from the con-
served variables. In the second case, the vibrational energy was considered to be in

200 'l 20 '8 0 2Tl a’ ‘- A v g ll o £ R . s’ ‘,-
the temperature. For a typical solution using Newton’s method, two to three itera-

tions were. needed to produce values accurate to seven significant digits.-For the
third case, a curve-fit e, distribution using a quadratic temperature profile for each

S81/8%8/1-11
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Fi1G. 2. Mass fraction distribution for the shock tube computation in Fig. 1.

species was incorporated. The resulting model is precisely the same one used by
Drummond, Hussaini, and Zang [39]. In this model, one can directly solve a
quadratic relationship for the temperature from the conserved variables.

All our computations were performed using 161 axial grid points and the
equations were solved iteratively, using our fully-coupled implicit method, with the
Steger-Warming-type flux-vector splitting, given by (4.4) and (4.5). The computa-
tion was performed with a CFL number of 10 and convergence to a steady state,
with a residual reduction of 10~ 1° in 110-130 cycles. In Fig. 4 we present the com-
parison of our computations with a linear c,, model along with the spectral and
finite-difference computations of Drummond, Hussaini, and Zang [39]. It should

be noted that their spectral calculation used 17 nodes, and their finite-difference

12 r
p4/p1=19.5 T4/T1=30
10
8 - non—equil. computation
X equilibrium
v 6
N -
& 4
2
o — 1
0.8

FiG. 3. Vibrational energy distribution of N, for the shock tube computation in Fig. 1. The
computed solution is compared with an equilibrium harmonic oscillator distribution.
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calculation used 101 grid points (although only every second value is indicated on
our plots). The three results for pressure (given in bars, 1bar=10° N/m?), and
temperature are in excellent agreement.

In Fig. 5 we present the comparison of our computations using the three energy
models for this case. The three cases do not show any significant differences for the
pressure distribution. The temperature distribution, however, indicates that sub-
stantial non-equilibrium energy effects are present under these conditions. The two
equilibrium energy models are, as expected, in agreement. Plots of the vibrational
temperatures for each species (not presented here) show that the flow has not
reached vibrational equilibrium. It appears that a non-equilibrium internal energy
model is needed to obtain accurate temperature distributions for this case. Whether
the simple vibrational energy model is adequate remains to be determined. Our
computed species mass fractions for the three cases are plotted in Fig. 6. The results
for the linear ¢, model are in very good agreement with those of [39].

Another computation. was performed with this same supersonic nozzle for
conditions where a normal shock wave stands inside the duct. The exit pressure
was raised to 10.02 times the perfectly expanded value. Using the identical inlet
conditions and chemistry model discussed previously, the computations were
performed with an exit pressure specified to be 10° N/m? The conserved variables,
P pi€,, and pu were extrapolated to the exit boundary. The Van Leer-type
flux-vector splitting, (4.7)-(4.9), with second-order upwind, spatial differencing, and
a MIN-MOD limiter, was used for this computation. We utilized a CFL number
of 5 for the Buler-implicit time integration.

The resulting pressure and temperature distributions, as plotted in Fig. 7, show
the computation performed with the same three thermodynamic models and the
same grid as in the previous example. The results for the two equilibrium energy
models are again in good agreement, and they both depart from the simplified
vibrational model results in the lower temperature region. After the shock, the flow
reaches vibrational equilibrium after a short relaxation zone. The slight discrepancy
in the temperature profile between the exponential and the quadratic ¢; cases are
likely due to the differences in the thermodynamic models. The computed mass
fractions for the three cases are shown in Fig. 8.

Although we have been successful in obtaining efficient computations of steady-
state solutions in one space dimension with an implicit algorithm, these resuits may
not necessarily carry over to multi-dimensional flows. The penalty associated with
solving very large-block-structure tri-diagonal (or penta-diagonal) systems may
overrun the benefits in CFL number for an implicit method. Alternate approaches,
such as explicit computations with implicit source terms, e.g., Eklund, Drummond,
and Hassan [45], may prove to be more efficient. Additional research is needed
to evaluate the efficiency of these approaches with the algorithms and models
presented in this paper.
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thermodynamic model consists of species internal energies which are quadratic in 7.
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8. CONCLUDING REMARKS

We have developed new forms of flux-vector split and flux-difference-split
algorithms for flows with non-equilibrium thermodynamics and chemistry. Several
thermodynamic models have been considered, including an equilibrium model, a
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general non-equilibrium model and a simplified model based upon vibrational
relaxation.- The effects of the various models on the state equation and the
homogeneity property of the Euler equations have been developed. The algorithms
have been embodied in a fully coupled, implicit, large-block structure, including all
the species conservation and vibrational energy production equations. Although the
methods have been presented within a one-dimensional flow context, extensions
to the three-dimensional curvilinear coordinates may be routinely effected, as in
[21,22]. Several elementary, one-dimensional computations were performed to
illustrate the flux-split methodology. Future research will be required to fully
evaluate the accuracy of the algorithms presented here, and the efficiency of the
fully-coupled approach, particularly for multi-dimensional flows.
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